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Abstract
Let E be a uniformly convex Banach space whose norm is uniformly Gâteaux differentiable, C be closed convex subset of E,
S= {T (s) : s0} be a nonexpansive semigroup on C such that the set of common ﬁxed points of {T (s) : s0} is nonempty. Let
f : C → C be a contraction, {n}, {n}, {tn} be real sequences such that 0< n, n1, limn→∞ n = 0, limn→∞ n = 0 and
limn→∞ tn = ∞, y0 ∈ C. In this paper, we show that the two iterative sequence as follows:
xn = nf (xn) + (1 − n) 1
tn
∫ tn
0
T (s)xn ds,
yn+1 = nf (yn) + (1 − n)
1
tn
∫ tn
0
T (s)yn ds
converge strongly to a common ﬁxed point of {T (s) : s0} which solves some variational inequality when {n}, {n} satisfy some
appropriate conditions.
© 2006 Published by Elsevier B.V.
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1. Introduction
Let C be a closed convex subset of a Hilbert space H and T be a nonexpansive mapping from C into itself. We denote
by F(T ) the set of ﬁxed points of T. Let F(T ) be nonempty and u be an element of C. For each t with 0< t < 1, let xt
be an element of C satisfying xt = tu+ (1− t)T xt . Browder [1] showed that {xt } converges strongly to the element of
F(T ) which is nearest to u in F(T ) as t → 0. Reich [6], Takahashi and Ueda [12] extended Browder’s result to those
of a Banach space. Wittmann [13] studied the strong convergence of the sequence {yn} deﬁned by
yn+1 = bnu + (1 − bn)T yn, n = 0, 1, 2, . . . ,
where y0 is an element of C and {bn} is a real sequence such that 0<bn1 and bn → 0. Shioji and Takahashi [7]
extendedWittmann’s results to those of a Banach space. Recently, using the idea of Browder [1], Shimizu andTakahashi
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[9] studied the strong convergence of the sequence {xn} deﬁned by
xn = anu + (1 − an)1
n
n∑
i=1
T ixn, n = 0, 1, 2, . . . ,
where {an} is a real sequence such that 0<an1 and an → 0. In [10], Shimizu and Takahashi also studied the strong
convergence of the sequence {yn} deﬁned by
yn+1 = bnu + (1 − bn) 1
tn
∫ tn
0
T (s)yn ds, n = 0, 1, 2, . . . , (1.1)
whereS = {T (s) : s0} is a nonexpansive semigroup on C such that the set F(S) = ∅ and {tn} is a real sequence
such that tn > 0 and tn → ∞, {bn}, u as above. Shioji and Takahashi [8] extended the results of [10], they studied the
strong convergence of (1.1) and following iterative sequence in Banach space:
xn = anu + (1 − an) 1
tn
∫ tn
0
T (s)xn ds, n = 0, 1, 2, . . . , (1.2)
where {T (s) : s0} is asymptotically nonexpansive semigroup on C, {an}, {tn}, u as above.
On the other hand, for a contraction f : C → C and a nonexpansive mapping T : C → C, t ∈ (0, 1), {n} ⊂ (0, 1).
Let xt ∈ C be the unique ﬁxed point of the contraction x 	→ tf (x) + (1 − t)T x. Xu [15] proposed the following two
viscosity approximation methods:
xt = tf (xt ) + (1 − t)T xt , (1.3)
xn+1 = nf (xn) + (1 − n)T xn, (1.4)
where t → 0, n → 0. His results are as follows:
Theorem XU1. In Hilbert space H, let {xt } deﬁned by (1.3). If F(T ) =, then
(i) limt→0 xt := x˜ exists;
(ii) x˜ = PF(T )f (x˜), or equivalently, x˜ is the unique solution in F(T ) to the variational inequality
〈(I − f )x˜, x − x˜〉0, x ∈ F(T ),
where PF(T ) is the metric projection from H onto F(T ).
Theorem XU2. In a Hilbert space H, let xn be generated by (1.4). Then under the hypotheses:
(i) n → 0;
(ii) ∑∞n=0 n = ∞;
(iii) either ∑∞n=0 |n+1 − n|<∞ or limn→∞ (n+1)/n = 1.
xn → x˜, where x˜ is the unique solution of the variational inequality in Theorem XU1.
Very recently, Rudong Chen [3,4] studied the strong convergence of {xt } in Banach space when f was Lipschitzian
strongly pseudocontractive mapping and T was continuous pseudocontractive mapping or strictly pseudocontractive
mapping of Browder–Petryshyn type.
In this paper, let E be a uniformly convex Banach space whose norm is uniformly Gâteaux differentiable, C be closed
convex subset of E. Motivated by the idea of Xu, for a contractive mapping f : C → C and a nonexpansive semigroup
S = {T (s) : C → C : s0} with F(S) = ∅, we deﬁne a mapping T fn x = nf (x) + (1 − n)(1/tn)
∫ tn
0 T (s)x ds,
where {tn} is a real sequence such that tn > 0, tn → ∞, {n} ⊂ (0, 1], n → 0. It is not hard to see that T fn is a
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contraction on C. Indeed,
‖T fn x − T fn y‖n‖f (x) − f (y)‖ + (1 − n)
∥∥∥∥ 1tn
∫ tn
0
T (s)x ds − 1
tn
∫ tn
0
T (s)y ds
∥∥∥∥
n‖x − y‖ + (1 − n)‖x − y‖
(1 − n(1 − ))‖x − y‖.
Let xn ∈ C be the unique ﬁxed point of T fn . Thus, xn = nf (xn)+ (1/tn)
∫ tn
0 T (s)xn ds is well deﬁned. Therefore, we
propose the following implicit and explicit iterative sequence:
xn = nf (xn) + (1 − n) 1
tn
∫ tn
0
T (s)xn ds, (1.5)
yn+1 = nf (yn) + (1 − n)
1
tn
∫ tn
0
T (s)yn ds, (1.6)
where {n}, {n} ⊂ (0, 1], n → 0, n → 0. By the use of a sequence of means, we prove that the sequences (1.5) and
(1.6) converge to the common ﬁxed point of {T (s) : s0} which solves some variational inequality when {n}, {n}
satisfy some condition.
First, our results extended Theorems XU1 and XU2 from a single nonexpansive mapping to a nonexpansive semi-
group. Secondly, let f (x)= u,∀x ∈ C, then the iterative process (1.5) and (1.6) reduce to the iterative (1.1) and (1.2).
So our results generalize relevant results in Hilbert space or Banach space in [8–10] about the iterative methods (1.1)
and (1.2).
2. Preliminaries
Throughout this paper, let E be Banach space, C be closed convex subset of E. Let J denote the normalized duality
mapping from E into 2E∗ given by J (x) = {f ∈ E∗ : 〈x, f 〉 = ‖x‖2 = ‖f ‖2}, where E∗ denotes the dual space of E
and 〈, 〉 denotes the generalized duality pairing. We denote by N and N+ the set of all nonnegative integers and the set
of all positive integers, respectively. We also denote by Br the closed ball in E with center 0 and radius r.
Lemma 2.1. Let E be Banach space, for each x, y ∈ E, j (x) ∈ J (x), j (x +y) ∈ J (x +y), the following inequalities
hold:
‖x‖2 + 2〈y, j (x)〉‖x + y‖2‖x‖2 + 2〈y, j (x + y)〉.
The function  : [0, 2] → [0, 1] is said to be the modulus of convexity of Banach space E, where  = inf{1 − ‖x −
y‖/2 : ‖x‖1, ‖y‖1, ‖x − y‖}. E is said to be uniformly convex if for each > 0.
Let U = {x ∈ E : ‖x‖ = 1}. E is said to be smooth if the limit limt→0 (‖x + ty‖ − ‖x‖)/t exists for each x, y ∈ U .
The norm of E is said to be uniformly Gâteaux differentiable if for each y ∈ U , the limit exists uniformly for x ∈ U .
We know that if E is smooth the duality mapping is single-valued and norm to weak star continuous and that if the
norm of E is uniformly Gâteaux differentiable, then the duality mapping is norm to weak star uniformly continuous on
each bounded subset of E. When J is single-valued, we use instead of J (x), j (x).
Let  be a continuous linear functional on l∞ and let (a0, a1, . . .) ∈ l∞. We write n(an) instead of ((a0, a1, . . .)).
We call  a Banach limit when  satisﬁes ‖‖ = n(1) = 1 and n(an+1) = n(an) for each (a0, a1, . . .) ∈ l∞. For a
Banach limit , we know that lim infn→∞ ann(an) lim supn→∞ an for all (a0, a1, . . .) ∈ l∞.
Lemma 2.2 (Takahashi and Ueda [12]). Let C be a convex subset of a Banach space E whose norm is uniformly
Gâteaux differentiable. Let {xn} be a bounded subset of E, let z be a element of C and  be a Banach limit. Then
n‖xn − z‖2 = miny∈C n‖xn − y‖2if and only if n〈y − z, j (xn − z)〉0,∀y ∈ C.
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Deﬁnition 2.1. (i) f : C → C is said to be contractive mapping if there exists a constant  ∈ (0, 1) such that
‖f (x) − f (y)‖‖x − y‖, x, y ∈ C. We use c to denote the collection of all contraction on C. That is C = {f :
C → C : f be a contraction}.
(ii) T : C → C is said to be nonexpansive mapping if ‖T x − Ty‖‖x − y‖ for all x, y ∈ C.
Deﬁnition 2.2. A family {T (s) : s0} of mapping of C into itself is called nonexpansive semigroup of C, if it satisﬁes
the following conditions:
(1) T (s1 + s2)x = T (s1)T (s2)x for each s1, s20 and x ∈ C;
(2) T (0)x = x for each x ∈ C;
(3) for each x ∈ C, s 	→ T (s)x is continuous;
(4) ‖T (s)x − T (s)y‖‖x − y‖ for each s0 and x, y ∈ C.
Deﬁnition 2.3. (i) A mapping Q of C into C is said to be a retraction if Q2 = Q. If a mapping Q of C into itself is a
retraction, then Qz = z for every z ∈ R(Q), where R(Q) is range of Q.
(ii) Let D be subset of C and let Q be a mapping of C into D. Then Q is said to be sunny if each point on the ray
{Qx + t (x −Qx) : t > 0} is mapped by Q back onto Qx, in other words, Q(Qx + t (x −Qx))=Qx, for all t0 and
x ∈ C. A subset D of C is said to be sunny nonexpansive retract of C if there exists a sunny nonexpansive retraction
of C onto D.
Lemma 2.3 (Bruck Jr. [2]). Let C be a convex subset of a smooth Banach space, let K be nonempty subset of C and let P
be a retraction fromContoK.ThenP is sunny and nonexpansive if and only if 〈x−Px, j (y−Px)〉0,∀x ∈ C,∀y ∈ K .
Lemma 2.4 (Xu [14]). Assume {an} is a sequence of nonnegative real numbers such that
an+1(1 − n)an + n, n0,
where {n} is a sequence in (0, 1) and {n} is a sequence in R such that
(i) limn→∞ n = 0;
(ii) ∑∞n=1 n = ∞;
(iii) lim supn→∞ n/n0 or
∑∞
n=1 |n|<∞.
Then limn→∞ an = 0.
Lemma 2.5 (Takahashi [11]). Let E be a reﬂexive Banach space and C be a closed convex subset of E. Let g be a
proper convex lower semicontinuous function of C into (−∞,∞] and suppose that g(xn) → ∞ as ‖xn‖ → ∞. Then,
there exists x0 ∈ C such that g(x0) = inf{g(x) : x ∈ C}.
Deﬁnition 2.4. A function 	 : R+ → R+ is said to belong toT if it satisﬁes the following conditions:
(1) 	(0) = 0;
(2) r > 0 ⇒ 	(r)> 0;
(3) ts ⇒ 	(t)	(s).
Lemma 2.6 (Takahashi [11]). Let E be a uniformly convex Banach space. Then, for any R> 0, there exists 	R ∈T
such that for each x, y ∈ BR, x∗ ∈ J (x), y∗ ∈ J (y) have 〈x − y, x∗ − y∗〉	R(‖x − y‖)‖x − y‖.
Lemma 2.7 is crucial to prove main results of this paper. In order to obtain Lemma 2.7, ﬁrst we give a proposition.
Proposition 2.1 (Shimizu and Takahashi [9]). Let C be a closed convex subset of a uniformly convex Banach space.
Then for each r > 0, Rr and > 0, there exist 
> 0 and N ∈ N+ such that for each j ∈ N and for each mapping
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T from C into itself satisfying sup{‖T mx‖ : m ∈ N, x ∈ C ∩ Br}R and ‖T jx − T jy‖(1 + 
)‖x − y‖ for each
x, y ∈ C, there holds∥∥∥∥∥ 1n + 1
n∑
i=0
T ix − T j
(
1
n + 1
n∑
i=0
T ix
)∥∥∥∥∥ 
for all n> jN and x ∈ C ∩ Br .
Lemma 2.7. Let C be a closed convex subset of a uniformly convex Banach space E and letS= {T (s) : s0} be a
nonexpansive semigroup on C such that F(S) is nonempty. Then for each r > 0 and h> 0,
lim
t→∞ supx∈C∩Br
∥∥∥∥1t
∫ t
0
T (s)x ds − T (h)1
t
∫ t
0
T (s)x ds
∥∥∥∥= 0.
Proof. ∀r > 0, > 0, let R = sup{‖T (s)x‖ : x ∈ C ∩ Br, s0}. Since {T (s) : s0} is nonexpansive semigroup on
C, for ∀T (s), s0 there exist 
> 0 and N ∈ N+ which satisfy the condition in Proposition 2.1 for ∀j ∈ N. Fix h0,
then there exists th > 0 such that h/t < 1/N for all t th. Let t th, for each ﬁxed n ∈ N, there is a nonnegative integer
jn such that (t/n)jnh(t/n)(jn + 1), it follows that n> jnN and limn→∞ tjn/n = h. Applying Proposition 2.1,
we have∥∥∥∥∥ 1n + 1
n∑
i=0
T
(
t i
n
)
x − T
(
tjn
n
)(
1
n + 1
n∑
i=0
T
(
t i
n
)
x
)∥∥∥∥∥  ∀x ∈ C ∩ Br, n ∈ N, t th.
We estimate that∥∥∥∥1t
∫ t
0
T (s)x ds − T (h)1
t
∫ t
0
T (s)x ds
∥∥∥∥

∥∥∥∥∥1t
∫ t
0
T (s)x ds − 1
n + 1
n∑
i=0
T
(
t i
n
)
x
∥∥∥∥∥+
∥∥∥∥∥ 1n + 1
n∑
i=0
T
(
t i
n
)
x − T
(
tjn
n
)
1
n + 1
n∑
i=0
T
(
t i
n
)
x
∥∥∥∥∥
+
∥∥∥∥∥T
(
tjn
n
)
1
n + 1
n∑
i=0
T
(
t i
n
)
x − T
(
tjn
n
)
1
t
∫ t
0
T (s)x ds
∥∥∥∥∥
+
∥∥∥∥T
(
tjn
n
)
1
t
∫ t
0
T (s)x ds − T (h)1
t
∫ t
0
T (s)x ds
∥∥∥∥
+ 2
∥∥∥∥∥1t
∫ t
0
T (s)x ds − 1
n + 1
n∑
i=0
T
(
t i
n
)
x
∥∥∥∥∥+
∥∥∥∥T
(
tjn
n
)
1
t
∫ t
0
T (s)x ds − T (h)1
t
∫ t
0
T (s)x ds
∥∥∥∥ .
Let n → ∞, we have ‖(1/t) ∫ t0 T (s)x ds − T (h)(1/t) ∫ t0 T (s)x ds‖,∀x ∈ C ∩ Br,∀r0, Hence,
lim supt→∞ supx∈C∩Br ‖(1/t)
∫ t
0 T (s)x ds − T (h)(1/t)
∫ t
0 T (s)x ds‖. Since > 0 is arbitrary,
lim
t→∞ supx∈C∩Br
∥∥∥∥1t
∫ t
0
T (s)x ds − T (h)1
t
∫ t
0
T (s)x ds
∥∥∥∥= 0 ∀r > 0, h0. 
3. Main results
Theorem 3.1. Let C be closed convex subset of a uniformly convex Banach space E whose norm is uniformly Gâteaux
differentiable, letS={T (s) : s0} be a nonexpansive semigroup on C such thatF(S) is nonempty. Then the sequence
{xn} deﬁned by (1.5) converges strongly to a common ﬁxed point of {T (s), s0}. If we deﬁne Q : C → F(S) by
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Q(f ) := limn→∞ xn, f ∈ C , then Q(f ) solves the variational inequality
〈(I − f )Q(f ), j (Q(f ) − p)〉0, f ∈ C, p ∈ F(S).
In particular, if f = u ∈ C is a constant, then Q is the sunny nonexpansive retraction from C onto F(S).
Proof. Our proof is divided into ﬁve steps.
1. {xn} is bounded: Take p ∈ F(S). It follows from
‖xn − p‖n‖f (xn) − p‖ + (1 − n)
∥∥∥∥ 1tn
∫ tn
0
T (s)xn ds − p
∥∥∥∥
n‖f (xn) − f (p)‖ + (1 − n) 1
tn
∫ tn
0
‖T (s)xn − p‖ ds + n‖f (p) − p‖
n‖xn − p‖ + (1 − n)‖xn − p‖ + n‖f (p) − p‖
that ‖xn − p‖1/(1 − )‖f (p) − p‖. Hence, {xn} is bounded.
2. limn→∞ ‖xn − T (s)xn‖ = 0,∀s0: Denote zn := (1/tn)
∫ tn
0 T (s)xn ds, since {xn} is bounded, then ‖zn −
p‖‖xn − p‖ and {zn}, {f (xn)} are also bounded. From (1.5) and limn→∞ n = 0, we have
‖xn − zn‖ = n‖f (xn) − zn‖ → 0, (n → ∞). (3.1)
Let K = {z ∈ C : ‖z − p‖1/(1 − )‖f (p) − p‖}, then K is a nonempty bounded closed convex subset of C and
T (s)-invariant. Since {xn} ⊂ K and K is bounded, there exists r > 0 such that K ⊂ Br , it follows from Lemma 2.7 that
lim
n→∞ ‖zn − T (s)zn‖ = 0 ∀s0. (3.2)
3. Arbitrary subsequence of {xn} converges to the common ﬁxed point ofS: Indeed, from (3.1) and (3.2), we have
lim
n→∞ ‖xn − T (s)xn‖ = 0. (3.3)
Assume ni → 0, tni → ∞, set xni := xn and let K ′ = {z ∈ C : i‖xni − z‖2 = minx∈C i‖xni − x‖2}, we claim
that K ′ consists of one point. Indeed, let g(x) = i‖xni − x‖2 for each x ∈ C and r0 = inf{g(x) : x ∈ C}. Since the
function g on C is convex and continuous and g(xn) → ∞ as ‖xn‖ → ∞, from Lemma 2.5, there exists q ∈ C with
g(q) = r0, i.e., K ′ is nonempty. From Lemma 2.2, we know that q ∈ K ′ if and only if
i〈x − q, j (xni − q)〉0 ∀x ∈ C. (3.4)
Suppose q ′ ∈ K ′ and q = q ′. By Lemma 2.6, there exists a positive number k such that 〈xni −q− (xni −q ′), j (xni −
q) − j (xni − q ′)〉k for each i ∈ N. Therefore, i〈q ′ − q, j (xni − q) − j (xni − q ′)〉k > 0.
On the other hand, since q, q ′ ∈ K ′, we have i〈q ′ − q, j (xni − q)〉0 and i〈q − q ′, j (xni − q ′)〉0. Then
we have
i〈q ′ − q, j (xni − q) − j (xni − q ′)〉0.
This is a contradiction. Therefore q ′ = q, that is, K ′ consists of one point.
Noting (3.3), we have for each s0,
g(T (s)q) = i‖xni − T (s)q‖2 = i‖T (s)xni − T (s)q‖2i‖xni − q‖2 = g(q).
Since K ′ consists of a point, T (s)q = q,∀s0, i.e., q ∈ F(S).
From ‖zn − q‖‖xn − q‖ and Lemma 2.1, then
‖xn − q‖2 = n〈f (xn) − q, j (xn − q)〉 + (1 − n)〈zn − q, j (xn − q)〉
n〈f (xn) − q, j (xn − q)〉 + (1 − n)‖xn − q‖2
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i.e.,
‖xn − q‖2〈f (xn) − q, j (xn − q)〉
〈f (xn) − x, j (xn − q)〉 + 〈x − q, j (xn − q)〉 ∀x ∈ C. (3.5)
By (3.4),
i‖xni − q‖2i〈f (xni ) − x, j (xni − q)〉 + i〈x − q, j (xni − q)〉
i‖f (xni ) − x‖‖xni − q‖ ∀x ∈ C.
In particular, let x =f (q), then i‖xni −q‖2i‖xni −q‖2. Hence, i‖xni −q‖2 =0 and there exists a subsequence
which is still denoted {xni } such that xni → q ∈ F(S).
4. xn → q: Assume there exists another subsequence {xnj } of {xn} such that xnj → q¯ ∈ F(S). From (3.5), i.e.,
‖xn − q‖2〈f (xn) − q, j (xn − q)〉, we have
‖q¯ − q‖2〈f (q¯) − q, j (q¯ − q)〉. (3.6)
Interchange q¯ and q to obtain
‖q − q¯‖2〈f (q) − q¯, j (q − q¯)〉. (3.7)
Adding up (3.6) and (3.7),
2‖q − q¯‖2〈f (q¯) − f (q) + q¯ − q, j (q¯ − q)〉(1 + )‖q − q¯‖2.
Since  ∈ (0, 1), this implies that q = q¯. Therefore, xn → q.
5. Q(f ) solves the variational inequality: Deﬁne Q : C → F(S) by
Q(f ) = lim
n→∞ xn. (3.8)
From xn = nf (xn) + (1 − n)(1/tn)
∫ tn
0 T (s)xn ds, we have
(I − f )xn = 1 − n
n
(
1
tn
∫ tn
0
T (s)xn ds − xn
)
,
then,
〈(I − f )xn, j (xn − p)〉 = 1 − n
n
〈
1
tn
∫ tn
0
T (s)xn ds − xn, j (xn − p)
〉
= 1 − n
n
(〈
1
tn
∫ tn
0
T (s)xn ds − p, j (xn − p)
〉
− ‖xn − p‖2
)
 1 − n
n
(‖xn − p‖2 − ‖xn − p‖2) = 0 ∀p ∈ F(S).
Let n → ∞, we have 〈(I − f )Q(f ), j (Q(f ) − p)〉0.
If f = u, then 〈Q(u)− u, j (Q(u)−p)〉0, u ∈ C,p ∈ F(S) and from the deﬁnition of Q, we can know that Q is
the retraction from C onto F(S), so by Lemma 2.3, Q is sunny and nonexpansive retraction from C onto F(S). 
Theorem 3.2. Let C be a closed convex subset of a uniformly convex Banach space E whose norm is uniformly Gâteaux
differentiable, letS= {T (s) : s0} be a nonexpansive semigroup on C such that F(S) is nonempty and f ∈ C . If∑∞
n=0 n =∞, then the sequence {yn} deﬁned by (1.6) converges strongly to Q(f ), where Q : C → F(S) is deﬁned
by (3.8).
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Proof. 1. {yn} is bounded: Denote Q(f ) = x˜. From (1.6), we have
‖yn+1 − x˜‖
(1 − n)
∥∥∥∥ 1tn
∫ tn
0
T (s)yn ds − x˜
∥∥∥∥+ n‖f (yn) − x˜‖
(1 − n)
1
tn
∫ tn
0
‖T (s)yn − x˜‖ ds + n‖f (yn) − f (x˜)‖ + n‖f (x˜) − x˜‖
(1 − (1 − )n)‖yn − x˜‖ + n‖f (x˜) − x˜‖
 max
{
‖yn − x˜‖, 11 − ‖f (x˜) − x˜‖
}
.
By induction, ‖yn − x˜‖ max{‖y0 − x˜‖, 1/(1 − )‖f (x˜) − x˜‖}, n0, i.e., {yn} is bounded.
2. lim supn→∞ 〈f (x˜) − x˜, j (yn − x˜)〉0: Indeed, from limn→∞ n = 0, we have
lim
n→∞
∥∥∥∥yn+1 − 1tn
∫ tn
0
T (s)yn ds
∥∥∥∥= limn→∞ n
∥∥∥∥f (yn) − 1tn
∫ tn
0
T (s)yn ds
∥∥∥∥= 0. (3.9)
Let x′m be a unique point of C satisfying x′m = ′mf (x′m) + (1 − ′m)(1/(m + 1))
∫ m+1
0 T (s)x
′
m ds for each m ∈ N,
where ′m → 0, by Theorem 3.1 we know that {x′m} converges strongly to x˜ and by the same method as Theorem 3.1,
we also have
lim
n→∞
∥∥∥∥ 1tn
∫ tn
0
T (u)yn du − T (s) 1
tn
∫ tn
0
T (u)yn du
∥∥∥∥= 0 ∀s0. (3.10)
Noting
‖T (s)yn+1 − yn+1‖

∥∥∥∥T (s)yn+1 − T (s) 1tn
∫ tn
0
T (u)yn du
∥∥∥∥+
∥∥∥∥T (s) 1tn
∫ tn
0
T (u)yn du
− 1
tn
∫ tn
0
T (u)yn du
∥∥∥∥+
∥∥∥∥ 1tn
∫ tn
0
T (u)yn du − yn+1
∥∥∥∥
2
∥∥∥∥ 1tn
∫ tn
0
T (u)yn du − yn+1
∥∥∥∥+
∥∥∥∥T (s) 1tn
∫ tn
0
T (u)yn du − 1
tn
∫ tn
0
T (u)yn du
∥∥∥∥
and (3.9), (3.10), then for ∀> 0 there exists N0 ∈ N such that ‖T (s)yn − yn‖, nN0. Therefore,∥∥∥∥ 1m + 1
∫ m+1
0
T (s)yn ds − yn
∥∥∥∥  1m + 1
∫ m+1
0
‖T (s)yn − yn‖ ds, nN0.
Since > 0 is arbitrary,
lim
n→∞
∥∥∥∥ 1m + 1
∫ m+1
0
T (s)yn ds − yn
∥∥∥∥= 0 ∀m ∈ N. (3.11)
Let M = sup({‖T (s)x′m‖ : s0,m ∈ N} ∪ {‖T (s)yn‖ : s0, n ∈ N}). From x′m = ′mf (x′m) + (1 − ′m)(1/(m +
1))
∫ m+1
0 T (s)x
′
m ds, for each m, n ∈ N, we have
(1 − ′m)
(
1
m + 1
∫ m+1
0
T (s)x′m ds − yn
)
= (x′m − yn) − ′m(f (x′m) − yn).
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Apply Lemma 2.1, it follows that
(1 − ′m)2
∥∥∥∥ 1m + 1
∫ m+1
0
T (s)x′m ds − yn
∥∥∥∥
2
‖x′m − yn‖2 − 2′m〈f (x′m) − yn, j (x′m − yn)〉
= (1 − 2′m)‖x′m − yn‖2 − 2′m〈f (x′m) − x′m, j (x′m − yn)〉.
We can deduce that
〈f (x′m) − x′m, j (yn − x′m)〉
 1 − 2
′
m
2′m
(∥∥∥∥ 1m + 1
∫ m+1
0
T (s)x′m ds − yn
∥∥∥∥
2
− ‖x′m − yn‖2
)
+ 
′
m
2
∥∥∥∥ 1m + 1
∫ m+1
0
T (s)x′m ds − yn
∥∥∥∥
2
 1
2′m
[(∥∥∥∥ 1m + 1
∫ m+1
0
T (s)x′m ds −
1
m + 1
∫ m+1
0
T (s)yn ds
∥∥∥∥+
∥∥∥∥ 1m + 1
∫ m+1
0
T (s)yn ds
− yn
∥∥∥∥
)2
− ‖x′m − yn‖2
]
+ 
′
m
2
∥∥∥∥ 1m + 1
∫ m+1
0
T (s)x′m ds − yn
∥∥∥∥
2
= 1
2′m
∥∥∥∥ 1m + 1
∫ m+1
0
T (s)yn ds
∥∥∥∥ ·
(
2
∥∥∥∥ 1m + 1
∫ m+1
0
T (s)x′m ds −
1
m + 1
∫ m+1
0
T (s)yn ds
∥∥∥∥
+ 1
2′m
∥∥∥∥ 1m + 1
∫ m+1
0
T (s)yn ds
∥∥∥∥
)
+ 
′
m
2
∥∥∥∥ 1m + 1
∫ m+1
0
T (s)x′m ds − yn
∥∥∥∥
2
 1
2′m
∥∥∥∥ 1m + 1
∫ m+1
0
T (s)yn ds − yn
∥∥∥∥ · 6M + ′m2 · 4M2.
Hence, from (3.11), lim supn→∞〈f (x′m) − x′m, j (yn − x′m)〉2′mM2,∀m ∈ N. For ∀0 > 0, there exists N1 ∈ N
such that 〈f (x′m) − x′m, j (yn − x′m)〉2′mM2 + 0, nN1. Let m → ∞, since the norm of E is uniformly Gâteaux
differentiable, 〈f (x˜) − x˜, j (yn − x˜)〉0, nN1. By the arbitrariness of 0, then
lim sup
n→∞
〈f (x˜) − x˜, j (yn − x˜)〉0. (3.12)
3. yn → x˜: Indeed, from Lemma 2.1, we have
‖yn+1 − x˜‖2
(1 − n)2
∥∥∥∥ 1tn
∫ tn
0
T (s)yn ds − x˜
∥∥∥∥
2
+ 2n〈f (yn) − x˜, j (yn+1 − x˜)〉
(1 − n)2‖yn − x˜‖2 + 2n〈f (yn) − f (x˜), j (yn+1 − x˜)〉
+ 2n〈f (x˜) − x˜, j (yn+1 − x˜)〉
(1 − n)2‖yn − x˜‖2 + 2n‖yn − x˜‖‖yn+1 − x˜‖ + 2n〈f (x˜) − x˜, j (yn+1 − x˜)〉
(1 − n)2‖yn − x˜‖2 + n(‖yn − x˜‖2 + ‖yn+1 − x˜‖2)
+ 2n〈f (x˜) − x˜, j (yn+1 − x˜)〉.
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It follows that
‖yn+1 − x˜‖2
 1 − (2 − )n + 
2
n
1 − n
‖yn − x˜‖2 + 2n1 − n
〈f (x˜) − x˜, j (yn+1 − x˜)〉
 1 − n− 2(1 − )n
1 − n
‖yn − x˜‖2 + 2n1 −  〈f (x˜) − x˜, j (yn+1 − x˜)〉 + 
2
nM
′
= (1 − 2(1 − )n)‖yn − x˜‖2 + n
(
2
1 −  〈f (x˜) − x˜, j (yn+1 − x˜)〉 + nM
′
)
,
where M ′ > 0 is a constant. From limn→∞ n = 0,
∑∞
n=0 n = ∞, (3.12) and Lemma 2.4, we have yn → x˜. 
Remark 3.1. Note that Lemma 2.7 plays an important role in the proof of Theorems 3.1 and 3.2. It is proved in the
framework of the more general uniformly convex Banach space, the result in Lemma 2.7 generalized the similar result
obtained in Hilbert space of [5]. Our method of proof which is different from the old method is of independent interest.
Remark 3.2. The iterative methods (1.5) and (1.6) proposed in our paper is new and interesting, iterative methods
(1.1) and (1.2) are all our special cases. By the method of Banach limit, we proved the strong convergence of sequences
(1.5) and (1.6) in Theorems 3.1 and 3.2. The results in our paper are a signiﬁcant generalization of the results of Xu
[15] and the strong convergent results of nonexpansive semigroup of [8–10].
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